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Dear EC Readers, 

Welcome to the Spring edition of our magazine. We are happy to share articles spanning double-sided cold plates, generative design and 
advanced 3D printing, guidelines for vapor chamber design, and applying advective thermal resistance to thermal resistance networks. 
The Statistics Corner describes a rank sum test for dealing with data that aren’t necessarily from a normal distribution. We hope you’ll 
enjoy these articles with your feedback being appreciated. I wish everyone a healthy and productive year!

This year, as we are moving to a full-digital edition of the Electronics Cooling Magazine with one issue per quarter, we plan to continue to 
keep you posted with the latest and greatest activities happening in our thermal community. Compared to last year, we see many changes 
following the Covid-19 pandemic, with very encouraging signs as the global industry rebounds and new technologies are being developed 
on multiple fronts, spanning from the semiconductor industry to medical/health care, consumer electronics, automotive and beyond. 

Earlier this year I had the chance to “take the pulse” of the state of the technology world, by attending one of the most influential 
technology events: the Consumer Electronics Show, CES 2023 in Las Vegas, with over 118K attendants, over 3200 exhibitors, 930 
speakers and 248 conference sessions. Aside from the main event, which hosted mid to large-sized global companies, the Eureka Park 
gathered over 1000 start-ups from around the world. Many innovative, groundbreaking technology solutions are coming from small to 
large companies that are solving critical problems for the humanity with thermal management being an important part of it. The major 
theme related to the role of technology is to make the world better, not only by addressing the needs for faster performance and reduced 
energy consumption, but also related to clean air, clean drinking water, improved and affordable healthcare, enhanced community 
engagement and communication. 

It was interesting to see how the pandemic has accelerated the adoption of semiconductors, as chips become part of everyday life. High 
performance, adaptive and sustainable computing are critical for various walks of life and areas of society. The social revolution occurring 
these days shows that technology shapes us as much as we shape it, and the need for additional computational resources aligned with 
human intention and in the service of our communities is higher than ever. 

As reported by many industrial outlets, Artificial Intelligence (AI) is one of the main defining trends in the technology world. AI is 
already present in health care, financial services, automation, climate change, scientific research, both on the edge as well as the cloud 
and data center levels. There are many breakthrough developments and innovation in mobility, AI, Smart Robotics, 3D Manufacturing, 
Smart Homes, Food Sustainability, Digital Assets, Digital TV, Connected Kitchen, 3D Metaverse, Quantum Computing, etc. The world is 
moving very fast with many new and challenging technologies and concepts for which the energy, power savings and storage are critical. 
Augmented Reality/Virtual Reality (AR/VR) brings new experiences around the world to our homes and schools. 

Advanced thermal management and materials solutions are needed to maintain this fast-paced global technology development. 
Therefore our critical role as thermal engineers is to look for innovative thermal solutions to address the ever-growing challenges of 
the current and future technologies. The AI and the overall associated industries will not advance if they are not enabled by the most 
advanced thermal management solutions. It is with great pride that I see how our thermal engineering roles directly contribute to the 
growth of technology worldwide. Without advanced cooling, there is no progress ahead on any technology fronts. Cool is in!!! Keep 
up the great work, and strive for excellence in your activities. 

Without you, the Electronics Cooling Magazine readers and contributors, our role would be greatly diminished. Please keep us posted 
with your progress as we move forward. We invite you to provide your feedback for our publication content improvement and sug-
gestions for future articles and topics. Please continue to contribute to our publication and publish articles that bring novelty and 
knowledge to our thermal community, to inspire our young engineers and to spread great thermal management ideas.

Wish you a successful 2023. Stay healthy, happy, inspired and creative!

Victor Chiriac

Victor Chirac, PhD
Associate Technical Editor of Electronics Cooling Magazine
Co-founder and Managing Partner, Global Cooling Technology Group

EDITORIAL

http://www.electronics-cooling.com
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ThermalLIVE™ Summit
Online Event in EST

ThermalLIVE Summit is a chance for thermal engineers, researchers, professionals and 
many more to come together to learn from industry experts on the front lines. With 
ongoing technology developments, this event is your chance to learn answers to questions 
and hear industry-leading liquid cooling technical experts’ opinions and recommendations. 

Desc. source: electronics-cooling.com
► thermal.live

European Conference of Heat Treatment
Genova, Italy

AIM recently announced the ECHT 2023 Conference will be in Genova, Italy, at Magazzini 
del Cotone, May 29-31, 2023. ECHT 2023 will cover all relevant topics for the heat 
treatment and surface engineering community. The conference will include a special 
focus on sustainability. Sustainability, with its three pillars — environmental, economic, 
and social dimensions — is playing a key role to address ongoing and future challenges. 
The metallurgical and mechanical industries are leading the way in creating a healthy 
development model for the environment and for future generations. Presentations and 
papers from industry, university, and research centers on the topic will encourage the 
discussion and increase awareness on the matter. 

Desc. source: electronics-cooling.com
► aimnet.it/echt2023.htm

ICEHTFMT 2023
Online Event in CET

International Conference on Experimental Heat Transfer, Fluid Mechanics and 
Thermodynamics aims to bring together leading academic scientists, researchers and 
research scholars to exchange and share their experiences and research results on all 
aspects of Experimental Heat Transfer, Fluid Mechanics and Thermodynamics. It also 
provides a premier interdisciplinary platform for researchers, practitioners and educators to 
present and discuss the most recent innovations, trends, and concerns as well as practical 
challenges encountered and solutions adopted in the fields of Experimental Heat Transfer, 
Fluid Mechanics and Thermodynamics.

Desc. source: electronics-cooling.com
► waset.org/experimental-heat-transfer-fluid-mechanics-and-thermodynamics-confer-
ence-in-july-2023-in-prague

News of Upcoming 2023 Thermal Management Events

COOLING EVENTS

9
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http://www.electronics-cooling.com
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Overview

A
ccurate modeling of thermal networks requires that all 
relevant modes of heat transfer, including advection, 
be included. Otherwise, component temperatures 
may be under- or over-estimated. This article pres-

ents a method for systematically including advection in one-di-
mensional (1D) thermal networks, via the use of unidirectional 
elements in the thermal network equation. This method can be 
expanded for use in larger multi-node thermal networks that use 
Excel, Mathcad, or MATLAB for automated assembly of conduc-
tance arrays.

Nomenclature
q  Heat rate (W)
ṁ Mass flow rate (kg/s)
Cp  Specific heat (J/kg°C)
Tout  Fluid outlet temperature of the duct / heat sink (°C)
Tin  Fluid inlet temperature of the duct / heat sink (°C)
Kadv Advective thermal conductance (W/ °C)
n  Number of nodes in a thermal network 
Ti  Temperature at node i (°C)
qi  Heat load at node i (W)
Ki,j  Conductance between node i and node j (W/°C)
Kair  Advective conductance for air at a given mass 
 flow rate (W/°C)
Cpair  Specific heat of air (approximately 1000 J/kg°C)

Advection
Accurate modeling of thermal networks requires that we include 
all relevant modes of heat transfer:

• Conduction – diffusion of heat due to molecular motion
• Radiation – electromagnetic waves
• Convection – heat transfer due to motion of fluid (includes 
 diffusion and advection)
• Advection – heat transfer due to bulk motion of a fluid

Practically speaking, when modeling heat transfer to a fluid 
(convection), we should include the effects of heating of the flu-
id itself (advection) in the thermal model. Neglecting advection 
completely will result in underestimating the temperature rise of 
a component. Including advection incorrectly will result in er-
roneous estimation of the temperature rise of a component. The 
heat transferred via advection to a fluid flowing through a duct or 
a heat sink is expressed in Equation 1:

Where q is the heat transported by the fluid (W), ṁ is mass flow 
rate of fluid in a duct (kg/s), Cp is the specific heat of the fluid (J/
kg°C), Tout is the fluid outlet temperature of the duct (°C), and Tin 
is the fluid inlet temperature of the duct (°C).

Equation 1 can be recast as an advective thermal conductance, in 
Equation 2:

Where Kadv is the advective thermal conductance (W/ °C), which 
is the inverse of the thermal resistance.

Network Implementation of
Advective Thermal Conductances

Mark Whittum, P.E.
Senior Principal Mechanical Engineer

Collins Aerospace

Mark Whittum, P.E.
Collins Aerospace

Mark Whittum is a Senior Principal Mechanical Engineer at Collins Aerospace in Westford, MA, and adjunct faculty in the 

Department of Mechanical Engineering at the University of Massachusetts - Lowell. He is responsible for the design, analysis, 

and test of thermal management systems for electronics pods and avionics. Prior to joining Collins (then Goodrich) in 2003, he 

worked for the Kollsman Instrument Company on their line of avionics and cabin pressure control systems. 

{1}

{2}
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Options For Modeling Advection
A previous Electronics Cooling Magazine article [1] demonstrated 
multiple methods to model advection in a reduced order thermal 
model and the level of inaccuracy associated with each method. 
The least accurate (and simplest) method is to ignore advection 
and assume a component transfers thermal energy to air at the 
heat sink (or duct) inlet temperature. The most accurate (and 
complex) method is to use the ε-NTU method, from heat ex-
changer analysis techniques. A method with acceptable levels of 
complexity and accuracy is to assume that the heat is rejected to 
the “midpoint temperature” of the air, meaning the average of the 
inlet and exit air temperatures in the sink. Another method from 
Steinberg [2] is to assume that the heat dissipating component 
rejects heat to the exit air temperature of the heat sink/duct. This 
last method is inherently conservative in that the exit air tem-
perature of the sink is always higher than both the surface of the 
heat sink and the average air temperature in the sink, resulting in 
predicted component temperatures that are always higher than 
those predicted by the ε-NTU or midpoint methods. As will be 
demonstrated by this article, it also has the advantage of being 
able to be folded easily into a multi-node network thermal model, 
as long as precautions are taken to properly implement the advec-
tion network elements. 

Example 
The following model demonstrates both the incorrect and the 
correct ways to implement advective thermal network elements. 
Figure 1 depicts a duct formed by two printed circuit boards 
(PCBs). Air at a temperature Tin = +55°C and a mass flow rate of 
ṁ=0.010kg/s enters the inlet of the PCB slot. The active side of 
one PCB has two identical components attached to it and each 
component has an identical heat sink bonded to it. The compo-
nents are Field Programmable Gate Arrays (FPGAs), each dis-
sipating 15W. The heat sinks each have a conductance Ksink = 
0.83W/°C (thermal resistance Rsink = 1.2°C/W) for the flow rate 
used in this example.

Using the “exit temperature” advection approach described in the 
previous section, the calculation of component and air tempera-
tures can be performed as follows:

1) The 0.010 kg/s of inlet air at +55°C is heated to +56.5°C by the 
first 15W component:

 15W / 10.0W/°C + 55.0°C = +56.5°C

2) The front 15W component dissipates heat via convection 
to +56.5°C air, resulting in a front heat sink temperature of 
+74.6°C:

 15W / 0.83W/°C + 56.5°C = +74.6°C

3) The air downstream of the front component at +56.5°C is 
heated to +58.0°C by the rear 15W component:

 15W / 10.0W/°C + 56.5°C = +58.0°C

4) The rear 15W component dissipates heat via convection to 
+58°C air, resulting in a rear heat sink surface temperature of 
+76.1°C:

 15W / 0.83W/°C + 58.0°C = +76.1°C

Even though the ε-NTU method would yield the “exact” solu-
tion, for purposes of this discussion the preceding results will be 
referred to as the “correct” results since the intent is that the heat 
from a component is convected to the exit temperature of the 
heat sink or duct.

Thermal Network – Initial
The compact equation for calculating the temperatures in a ther-
mal network can be seen in Equation 2:

Where n is the number of nodes in the network, Ti is the tem-
perature at node i (°C), qi is the heat load at node i (W), and Ki,j 
is the conductance between node i and node j (W/°C). Using this 
relationship, the example in the previous section can be set up as 
a thermal network problem as shown in Figure 2, and the nodal 
temperatures. Elements 1 and 2 are advective conductors with a 
value of Kair, which is calculated using Equation 2:

Since the mass flow rate ṁ=0.010kg/s and the specific heat of air 
Cpair = 1000J/kg°C, the value for Kair is determined to be 10W/°C.

Note that all the conductive elements in the model shown in Fig-

Figure 1

Figure 2

{3}

{4}
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ure 2 are bilateral, meaning that they can conduct heat in either 
direction. Note also that the calculated component temperatures 
do not match the results from the “correct” solution. The net-
work model returns a value of +76.1°C, where the “correct” solu-
tion was +74.6°C. Likewise, the network model returns a value of 
+77.6°C, for the second heat sink, where the “correct” solution 
was +76.1°C. The issue lies with the modeling of the advective 
conductors. For the heat sink conductors, thermal energy can 
flow either from a hot sink to cooler air, or from warmer air to a 
cooler sink. In the advective element the heat can only flow in one 
direction: in the direction of the fluid flow. Heat can’t flow up-
stream in the fluid from the duct exit to the entrance. The ques-
tion is: how to model this in a thermal network?

Thermal Network – Final
The way to achieve the correct solution in the thermal network 
model is by modeling the convection conductors as unidirec-
tional, i.e., only able to pass heat in one direction. Figure 3 shows 
the advection conductors as diodes, which can only pass heat 
from the hot downstream node to the cooler upstream node, 

instead of resistors. Note that the diode direction is counter-
intuitive, in that it is opposite the direction of fluid flow. If the 
advective node numbering scheme is that the i node is upstream 
and the j node is downstream, Ki,j is always 0 and Kj,i is the Kair 
advective conductance calculated previously. When the advec-
tive conductor is rendered unilateral in this way, which prevents 
heat from flowing from the cooler upstream node to the hotter 
downstream node, the correct temperature results are achieved.

INPUTS

T_inlet 55 degC MIL5400 temperature at SL

mdot_slot 0.01 kg/s Sink mass flow rate

Cp_air 1000 J/kg*degC Specific heat of air

K_air =mdot_slot*Cp_air W/degC Advective conductance

K_sink 0.83 W/degC Convective conductance of heat sink

CONDUCTORS

K_12 0 W/degC Advective conductance (0 in direction of flow)

K_21 =K_air W/degC Advective conductance

K_23 =K_sink W/degC Convective conductance of 1st heat sink

K_32 =K_sink W/degC Convective conductance of 1st heat sink

K_25 0 W/degC Advective conductance (0 in direction of flow)

K_52 =K_air W/degC Advective conductance

K_45 =K_sink W/degC Convective conductance of 2nd heat sink

K_54 =K_sink W/degC Convective conductance of 2nd heat sink

NODAL HEAT LOADS

Q_3 15 W 1st FPGA dissipation

Q_4 15 W 2nd FPGA dissipation

NODAL TEMPERATURES

T_1 =T_inlet degC Inlet - fixed

T_2 =(K_21*T_1+K_23*T_3+K_25*T_5)/
( K_21+ K_23+K_25)

degC mid-slot air temp

T_3 =(Q_3+K_32*T_2)/K_32 degC Sink 1 temp

T_4 =(Q_4+K_45*T_5)/K_45 degC Sink 2 temp

T_5 =(K_52*T_2+K_54*T_4)/
(K_52+K_54)

degC outlet temp

Table 1: Excel Implementation of Unidirectional Advection Conductors

Figure 3

http://www.electronics-cooling.com
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An Excel implementation of the preceding is shown in Table 1 (on 
the previous page), with formulas instead of values shown. For Excel 
implementation, iterative calculations must be enabled. Variables do 
not need to be named fields; this is only done here for clarity.

Discussion
The power of this methodology becomes even more apparent 
when used in conjunction with more sophisticated array manage-
ment schemes in Excel, which permit automated assembly of the 
conductivity array and solution of the thermal network equation 
for each node. The output area of one such Excel sheet is shown 
below in Table 2. 

The Excel sheet depicted in Table 2 has the capacity for only 20 
nodes and 20 conductors, which is sufficient for a typical reduced 
order thermal network model. The model shown is set up starting 
with a connectivity array (1) of elements and nodes. A conductivity 
array is generated by using Excel’s INDEX and IF functions from the 
conductances (2) taking into account the unidirectional nature of 
advection elements. The elements of the conductivity array are then 
multiplied by the nodal temperature array to create a conductivi-
ty-temperature array (4). Boundary conditions and loads are input 
(5). Combining (3), (4), and (5), the thermal network relationship 

(Equation 2) is formed, and the nodal temperature results generated 
(6). The advantage of a sheet such as that shown in Table 2 is that it 
can be made more generic, used for multiple different models, and 
distributed among multiple analysts for use and refinement. 

Note that a matrix-based solution approach, such as that used 
in [3],[4] does not work correctly with unidirectional advection 
conductors because the resulting conductance matrix is not sym-
metric, and therefore not invertible. 

Summary 
This article described an approach for systematically including 
advective conductances in a thermal network model. The meth-
od allows multiple flow-path segments and heat dissipators. The 
conductors that account for advection resistance are unidirec-
tional, which prevents the mathematical possibility of heat flow-
ing from the exit of the duct to the entrance of the duct. Since 
the heat dissipators are linked in the network to the exit node of 
the duct, the temperatures predicted are higher than that which 
would be predicted by the ε-NTU method and are therefore con-
servative. This method can be implemented in Excel, Mathcad, 
MATLAB, or any coding package that will allow automated as-
sembly of the conductance array.

References
[1] Ross Wilcoxon, “Advective Thermal Resistance”, Electronics Cooling Magazine, Summer 2022, pp. 6-8
[2] Dave S. Steinberg, “Cooling Techniques for Electronic Equipment”, 2nd Edition, Wiley, 1992
[3] Ross Wilcoxon, “A Spreadsheet Based Matrix Solution for a Thermal Resistance Network: Part 1”, Electronics Cooling Magazine, 

September, 2010
[4] Ross Wilcoxon, “A Spreadsheet Based Matrix Solution for a Thermal Resistance Network: Part 2”, Electronics Cooling Magazine, 

June, 2011

Table 2: Excel Sheet for Generating Conductance Array Automatically with Unidirectional Advection Conductors
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Introduction

E
ffective cooling is essential for CPUs, as they generate 
significant heat during operation while being very tem-
perature sensitive. Improved cooling allows for main-
taining the functionality of high-performance comput-

er hardware. In this article, we demonstrate a unique approach 
to improving the cooling of high-performance components 
by combining thermal and flow-based topology optimization 
methodology with additive manufacturing of highly conductive 
copper, with experimental validation of the results.

Generative Design: The Key To An Optimal Heatsink

Generative design uses Artificial Intelligence (AI) technology 
to generate one or multiple designs, starting only from system 
requirements, such as materials, boundary conditions, objectives, 
and constraints. Different techniques exist to gather and process 
information from subsequent design iterations. A popular strat-
egy uses topology optimization. Contrary to traditional design 
methods, such as parametric and shape optimization, topological 
optimization does not require an initial design input, only the 
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definition of a design space.

In this case study, generative design was applied to optimize the 
cooling channels in a CPU cooler. By minimizing a cost objective 
and meeting operational and manufacturing constraints, the pro-
cess generated an ideal solid structure within a fluid, seeking the 
most efficient material distribution in accordance with the design 
objectives.

Copper: An Attractive Material For Heat Sink

Copper’s high thermal conductivity (398 W/m K)) makes it an 
interesting material for 3D printing of thermal management com-
ponents. However, its high reflectivity for conventionally employed 
infrared lasers (wavelength of 1070 nm) limits the absorption of the 
laser light for melting. Furthermore, its high thermal conductivity 
quickly dissipates the energy absorbed by the laser, which creates 
challenges in producing copper components with laser-based 3D 
printing technologies.

Several strategies are employed in the industry to tackle these is-
sues. In this study, the approach of using laser-absorptive copper 
powders was chosen. This method has three benefits: (i) material 
can be melted in conduction mode with higher build rates, while 
the smaller deep melt pool dimensions lead to excellent print reso-
lution, (ii) standard L-PBF (Laser Powder Bed Fusion) equipment, 
with reliable and high beam-quality infrared lasers, can be used, 
and (iii) laser absorptive powders have excellent flowability and 
oxidation-resistant properties. These allow printed copper compo-
nents to be produced in a broad and stable processing environment. 

In addition to conductivity, material yield strength and specific 
weight are important when designing complex-shaped thermal 
management components with fine features [1,2].

The primary advantages of this approach are (i) the full density and 
a good combination of conductivity and strength: tensile strength 
up to 630 MPa, yield strength up to 510 MPa, ductility up to 30%, 
electrical conductivity up to 90% IACS, and thermal conductivity 
up to 360 W/(m K) for CuCr1Zr material; (ii) the ability to form 
thin-walled and complex-shaped structures with thickness down 
to 200 μm; (iii) the broad processing window allows repeatable 
and reproducible build quality; (iv) final part properties can be 
tailored to an application; and (v) the approach works with a 400  
W laser that does not overheat the baseplate and powder, which 
improves powder recyclability.

Modeling the CPU Cooling System
A liquid CPU cooler typically consists of one or multiple solid parts 
and a liquid coolant. Simulation of this type of system is known 
as a Conjugate Heat Transfer (CHT) problem. The Navier-Stokes 
equations [3], consisting of expressions for the conservation of 
mass, momentum, and energy, are solved in the fluid domain. 
Closure of the momentum equation is provided by applying 
turbulence models to compute the turbulent viscosity. Various 
turbulence models exist; RANS, which is the most widely used for 

wall-bounded flows, was used for this case study.

For the solid region, only conservation of energy applies [4]:

where ρ, cp, κ and T are the material density, specific heat, thermal 
conductivity, and temperature, while Q refers to the heat source.

Heat transfer between the solid and the fluid depends only on the 
local physical properties and the temperature difference between 
the respective cells adjacent to the wall. At this wall interface, equi-
librium conditions are imposed, which dictates continuous heat 
flux and temperature over the interface. While computationally 
expensive, this approach provides detailed insight into the physics 
of the problem, which gives the optimizer a more realistic char-
acterization of each design. This is fundamental to accurately ex-
ploring the design space and eventually finding an optimal design.

Defining the Optimization Problem

The objective/constraint formulation is a common method for 
defining and solving optimization problems. In this approach, an 
objective function expresses the goal of the optimization problem, 
which is subject to constraints that limit the solutions to those that 
satisfy certain conditions:

In the iterative design process, calculations are performed using 
adjoint equations to determine the sensitivity of the objective 
function to each system variable and to compute gradients for 
optimization. Examples of objectives are minimizing temperature 
or weight, while examples of constraints are a maximum allowable 
pressure drop or any manufacturing-related limitations.

CPU Cooler: Comparative Case Study
The case study compares a commercially available skived fin heat 
sink with one using a generative design using the same materials, 
operating conditions, boundary conditions, and outer envelope for 
both models. The base plate has dimensions 60.0 × 59.9 mm2 (Fig. 
1a). The material of the heat sink is the copper used for L-PBF with 
ρ = 8910 kg/m3, cp = 370 J/(K kg) and κ = 360 W/(m K).

The coolant is a 40/60 mixture of water and ethylene glycol with ρ 
= 1050 kg/m3, the dynamic viscosity of μ = 0.00178 Pa s, cp= 3220 
J/(K kg), and κ = 0.376 W/(m K). The inlet flow rate was fixed at 
0.82 L/min and T = 313.15K (40ºC). Fig. 1a shows the inlet and 
outlet locations of the coolant.
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The modeled heated wall (Fig. 1b) was an Intel 1700 that uniformly 
dissipated Q = 250 W over the contact area between the CPU and 
the heat sink.

Traditional design

The simulated temperatures of the skived fin copper heat sink are 
shown in Fig. 2 for the liquid-cooled side and the surface attached 
to the CPU. The traditional design shows a maximum temperature 
of 349.3K (76.1ºC), with the system cooling it down to 316.2K 
(43.0ºC). The temperature variance of the contact surface between 
the heat source and the heat sink is 124.6 K2 and the pressure drop 
was 11 kPa.

Generative design

The generative design utilizes targets and constraints to develop 
an optimized model. The target for the design was minimizing 
the temperature of the heated surface. This goal function reduced 
the temperature across an element by focusing on the highest 
temperatures:

where J is the value of the objective in K, T is the temperature dis-
tribution on a boundary in K, and S is the surface of the boundary 
where the objective is calculated in m2.

The inlet is constrained to a static pressure drop in the flow through 
the heat sink that is less than or equal to the prescribed value:

where p is the actual pressure at the inlet, and Δp is the allowable 
pressure drop, set as Δp = 11 kPa.

Fig. 3 shows the final generative design for the CPU cooler setup. 
The natural freeform shape combines large and small channels 
without symmetry.

The simulation results for the generative-designed heat sink are 
shown in Fig. 2 for the liquid-cooled and heated sides. The tem-
perature on the heated wall ranges from 323.4K (50.3ºC) to 329.6K 
(56.4ºC), and its variance is 2.4 K2. 

The design region was modeled with 17M design variables. The 
full optimization loop and the CFD analyses were run in parallel 
on 256 CPUs. 

Discussion

To compare the heat sink performance, the thermal improvement 

Figure 1a. Top view: dimensions, inlet and 
outlet locations

Figure 1. CPU Heat Sink

Figure 1b. Bottom view: heated wall Figure 2. Temperature field (top and bottom view) in K of the skived fin and the generative design heat sinks

Figure 3. Generative design of the CPU cooler
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is calculated using the thermal resistances of each of the models:

where Tmax is the maximum temperature on the heat source and 
Tinlet is the inlet fluid temperature.

The thermal resistance of the skived heat sink was 0.145 K/W, while 
the resistance of the generative design model was 0.066 K/W - a 
54.5% lower thermal resistance. 

In addition, the temperature range is about 33K for the skived heat 
sink and only 6K for the optimized design. Although not explicitly 
imposed as a target, a uniform temperature is important to ensure 
uniform thermal degradation over the chip. 

The difference in temperature variances on the heated source 
(CPU) is visible in Fig. 2. The more uniform temperature in the 
generative design model is due to the distribution of the cooling 
channels along the total area of the heated source (Fig. 3). The 
skived fin heat sink occupies a smaller area when compared to the 
heated source, which reduces the fluid flow pressure drop at the 
expense of less uniform CPU cooling. 

Experimental Validation

An experimental study was carried out to validate the results of 
the optimized CPU cooler. Due to laboratory testing constraints, 
test boundary conditions could not match simulation conditions. 
Therefore, new numerical simulations with updated materials and 
operating conditions matched the experimental test conditions 
(Fig. 4) were made.

As mentioned, manufacturability was treated as a design constraint 
when defining the design region to ensure the design could be 3D 
printed; the resulting device is displayed in Fig. 5.

The top and bottom housings were fabricated in thermoset epoxy, 
with the following properties: ρ = 1150 kg/m3, cp = 1100 J/(kg K) 
and κ = 0.17 W/(m K). The heat sink material is L-PBF copper, with 
the properties already described. The main differences between the 
test and design configurations were the coolant and the heating 
system. Deionized water, with ρ = 998 kg/m3, cp = 4182 J/(kg K), 
κ = 0.598 W/(m K) and μ = 0.001002 Pa s, was used as the liquid 
coolant. The system received 22.5 W of heat to represent the chip, 
modeled as silicon nitride (ρ = 3210 kg/m^3, c_p = 750 J/(kg K) 
and κ = 40 W/(m K)), and the heat was spread with a copper patch 
(ρ = 8960 kg/m3, cp = 385 J/(kg K) and κ = 386 W/(m K)). 

The heat sink’s performance (∆T=Tmax,heater-Tinlet,coolant), including 
uncertainty, is shown for flow rates ranging from 75 to 200 ml/min 
in Fig. 6. The experimental data corroborates the simulated values 
within the uncertainty interval, showing a very good agreement 
between them. 

Figure 4. Experimental Setup

Figure 5. 3D printed generative CPU cooler design model
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It must be stressed that 3D printing is not required for generative 
design. Other methods, such as milling and die casting, can be 
adopted by applying the manufacturing constraints.

Conclusion

The value of the generative thermal design process was illustrated 
through the design of a CPU cooler. The methodology autono-
mously suggests cooling system geometries in natural freeform 
shapes to reach an optimized design. The performance of a gener-
atively designed heat sink was compared to a commercial copper 
skived fin design. The thermal resistance was improved by 55% 
in the generative design CPU cooler, which also greatly reduced 
heat source temperature variance. Experimental results matched 
simulations, showing that generative design offers a way to break 
new ground in thermal design.
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Introduction

V
apor chambers are passive two-phase devices used to 
spread heat from localized hotspots to larger surface 
areas. The device utilizes the latent heat of evapora-
tion of an internal fluid to passively transport heat 

from the evaporator (heat source) to the condenser (heat sink) 
across very low temperature drops. Condensed liquid returns to 
the evaporator from the condenser via capillary pumping by an 
internal wick. Due to the mass, momentum, and energy transfer 
coupling via phase-change processes at interfaces between the 
wick and vapor core, direct numerical simulation of vapor cham-
ber transport [1–3] is a computationally expensive and complex 

endeavor. It is therefore of interest for thermal designers to have 
access to more simplified methods of representing vapor cham-
bers in numerical transport simulations that predict thermal per-
formance without a significant compromise in accuracy.

Effective Representation of a Vapor Chamber as an 

Anisotropic Material

As an alternative to direct simulation of the internal flow dynam-
ics, vapor chamber thermal transport can be predicted by treating 
the vapor core as a thermal conduction block with appropriately 
assigned effective thermal properties (conductivity and specific 
heat). These effective properties must be chosen to accurately 
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represent the underlying vapor flow dynamics and temperature 
drops. Vapor chambers are known to have inherently anisotropic 
heat spreading behavior. A seminal formulation for the effective 
in-plane thermal conductivity of a vapor chamber based on the 
vapor core saturation temperature drop was given by Prasher [4]:

where hfg is the latent heat of vaporization, P is the vapor pressure, 
ρ vapor density, hvap is the vapor core thickness, R is the specific 
vapor gas constant, µ is the vapor viscosity, and Tsat is the average 
vapor core saturation temperature. It is important to note that 
Equation (1) has a strong temperature/pressure dependence as it 
is not an intrinsic material thermal conductivity, and hence the 
vapor properties (hfg, ρ and µ) and P are calculated at Tsat. Because 
Tsat is not known a priori, Tsat is a good initial guess of the vapor 
chamber condenser temperature.

An alternative formulation is required for the effective cross-
plane thermal conductivity of the vapor core. We caution against 
assuming that the vapor core can be represented as an isotropic 
material, as use of Equation (1) as the effective cross-plane ther-
mal conductivity leads to erroneous temperature predictions [5]. 
Similarly, the vapor (gas) material thermal conductivity is not an 
acceptable alternative for the cross-plane thermal conductivity. A 
more accurate physical representation of the anisotropic nature 
of vapor core transport was developed in our recent work [5] by 
comparing the vapor core transport equation to a heat diffusion 
equation. Effective properties are thereby derived to ensure that, if 
the vapor core is treated as an anisotropic solid conduction block, 
the transient and steady-state temperature response would be the 
same as if directly solving the vapor transport equations [3]. This 
leads to the same expression for in-plane thermal conductivity as 
in Equation (1) and a new expression for the cross-plane thermal 
conductance per unit length:

and σ is the accommodation coefficient while the rest of the no-
menclature is the same as for Equation (1). Note that Equation 
(2) is not an intrinsic material thermal conductivity, but rather 
is a function of vapor thermophysical properties and vapor core 
thickness. Similar to Equation (1), the vapor properties in Equa-
tion (2) should be calculated at Tsat. For accurate transient predic-
tions, the effective thermal capacity of the vapor core can be mod-

eled by taking effective density and specific heat properties that 
are equal to that of the vapor (gas) thermophysical properties as

where ρ is the vapor density and Cp is the vapor specific heat cal-
culated at Tsat

.

Details of the derivation of these effective parameters are avail-
able in Ref. [5]. Extensive verification has also been conducted to 
ensure that using these effective anisotropic vapor core properties 
in numerical simulations results in the same thermal predictions 
as an experimentally validated vapor chamber model [3] over a 
range of cases. The reader is also encouraged to refer to Ref. [5] 
for details regarding estimates of the error associated with using 
these parameters that is associated with necessary simplifying as-
sumptions that neglect convective vapor transport (only diffusive 
transport is considered) and linearization of the Clausius–Cla-
peyron equation. Lastly, we note that vapor chamber operation 
is subject to several transport limits, such as the capillary limit, 
which must be calculated separately; these effective anisotropic 
properties apply to operation below all such limiting conditions.

Implementation in Numerical Conduction Solvers

Proper implementation of the effective anisotropic conduction 
parameters given by Equations (1-3) into commercial numerical 
conduction solvers requires care. This is due to the nature of the 
cross-plane parameter being a conductance per unit length rather 
than a simple analog for material thermal conductivity. In ad-
dition to assigning the correct anisotropic properties, the vapor 
core must be meshed with a single element across its thickness. This 
ensures that only a single computational node exists along the 
thickness of the vapor core at a given in-plane location, and al-
lows for solving a cross-plane-averaged temperature at each cell 
in the vapor core as assumed in the derivation of the effective 
anisotropic properties. Using more than one computational node 
across the thickness of the vapor core will lead to an erroneous 
prediction. The vapor core must be sandwiched between material 
layers that represent conduction in the wick and the wall of the 
vapor chamber. These layers can be assigned the correct thermo-
physical properties (conductivity, density, and specific heat) and 
are typically assumed to be isotropic.

This guide does not cover calculation of the effective properties of 
porous wick structures, but readers are directed to Ref. [6], which 
offers simple expressions to calculate wick thermal conductivity 
as a function of the wick porosity and geometric parameters.

The following section provides an example implementation of 
these effective anisotropic properties into a numerical conduc-
tion solver. The example considers a specific thermal analysis 
software tool (Icepak), but the approach is translatable to any fi-
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nite-volume numerical conduction solver that allows controlled 
generation of the single-cell-thick vapor core mesh and custom 
assignment of anisotropic properties.

Demonstration Case 

Geometry, model setup, and boundary conditions

Figure 1(a) shows the vapor chamber and heat sink assembly that 
is considered for demonstrating the implementation of the effec-
tive anisotropic properties approach to simulate vapor chamber 
thermal transport. A heat sink is attached to the top surface of the 
vapor chamber, both having a 90 mm × 60 mm footprint. Table 
1 summarizes the heat sink design as modeled using the “Heat 
Sink” tool in ANSYS Icepak. The heat sink is cooled by three fans 
(20 CFM each at 20°C ambient temperature) specified using the 
“Fans” tool in ANSYS Icepak, which allows the user to set the fan 
type (“intake"), geometry (“circular”), and flow rate.

Figure 1(b) shows a cut-away view of the vapor chamber geom-
etry used for the demonstration. The top surface of the vapor 
chamber (Surface A) is connected to the heat sink. The bottom 
surface of the vapor chamber (Surface B) has a centrally located 
10 mm × 10 mm heater (labelled H1) with input power of 15 W; 
the rest of this bottom surface is insulated. 

The vapor chamber is implemented in the model as a connect-
ed stack of five rectangular blocks: one for the vapor core and 
two each for the walls and wick layers, as shown in Figure 1(c). 
The footprint of each block matches the heat sink, and the thick-
nesses are based on the region the blocks represent (wall blocks 
1 and 5 are 100 µm in thickness, wick blocks 2 and 4 are 50 µm, 
and the vapor core block 3 is 200 µm). Copper thermal proper-
ties are selected for the wall material, while custom solid-material 
properties are defined for the wick and the vapor core. The ther-
mal conductivity of the wick material is set as 40 W/m-K for this 
demonstration.

For the vapor core, the effective thermal properties are calculat-
ed from Equations (1-2). It is important to determine the vapor 
properties used to evaluate these temperature-dependent ef-
fective thermal properties at the average vapor core saturation 
temperature. This temperature can be guessed or approximated 
in advance based on the heat sink thermal resistance and then 
iteratively updated using the predictions. For this example, the 
properties of water are evaluated at 32°C, resulting in kx = ky = 
11,019 W/m-K and kz = 2.7 W/m-K for the vapor core (using an 
accommodation coefficient value of σ = 0.03 for water). These 
vapor core effective properties can be defined in ANSYS Icepak 

Figure 1. (a) Schematic diagram of the sub-assembly modeled in Ansys ICEPAK. The schematic shows a vapor chamber with a heat sink attached on 
top. The heat sink is cooled by 3 fans (not shown in the schematic) each with volumetric flow rate of 20 CFM in the y direction. (b) Cut-away view of the 
vapor chamber with heat source location for the sub-assembly in (a). (c) Cross-sectional view of the model vapor chamber. Note that the figures are not 
drawn to scale.

Parameter Value

Material Aluminum (extruded)

Footprint 90 mm × 60 mm

Base thickness 2 mm

Overall height 30 mm

Number of fins 10

Fin thickness 1.5 mm

Table 1. Heat sink parameters
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by selecting a solid material type with a custom orthotropic con-
ductivity, setting the in-plane property (kx, ky) to 11,019 W/m-K 
and the out-of-plane property (kz) to 2.7 W/m-K, using the coor-
dinate system shown in Figure 1(b). 

While meshing the vapor chamber, we reiterate that it is critical to 
ensure that the mesh of the vapor core has just a single cell across 
the z-direction, as shown in the snapshot of the mesh shown in 
Figure 2. As explained earlier in Section 3, this requirement arises 
from implementing the effective thermal conductance as a ma-
terial thermal conductivity in a conduction solver. In ANSYS 
Icepak, single-cell meshing of the vapor core thickness can be 
achieved by editing the meshing parameters per-object, and set-
ting the vapor core block to request a z-direction mesh count of 
1. Most commercial conduction software has similar provisions 
for custom-defined mesh constraints. The mesh resolution in the 
in-plane directions and across the thickness of the other blocks 
in the domain should follow standard simulation best practices, 
including confirmation of mesh independence. For purposes of 
this demonstration, the wall and wick have three and four cell 
counts across their thicknesses, respectively, as shown in Figure 
2. The cell counts of all layers in the vapor core are summarized 
in Table 2.

Demonstration Results

Figure 3(a) shows the steady-state temperature profile across 
the vapor chamber evaporator and condenser surfaces (along 
the line a-a indicated in the inset) computed by representing 
the vapor core as an anisotropic conduction block (kx = ky = 
11,019 W/m-K, kz = 2.7 W/m-K) as recommended. For com-
parison, the same temperature profiles are plotted in Figure 
3(b) when assuming the vapor core to be isotropic (kx = ky = 
kz = 11,019 W/m-K). When assuming an isotropic vapor core, 
the maximum temperature on the evaporator at the location of 
heat input is grossly under-predicted. Considering an ambient 
air temperature of 20°C, this under-prediction of the maximum 
evaporator temperature by 6°C corresponds to a 33% error in 
total thermal resistance of the assembly. Figure 4 compares the 
spatial temperature distribution across the evaporator surface 

Figure 3. Spatial temperature profile along the line a-a (shown in the inset) along the evaporator and condenser surfaces of the vapor chamber, considering the vapor core as 
(a) anisotropic (kx = ky = 11019 W/m-K, kz = 2.7 W/m-K) versus (b) isotropic (kx = ky = kz = 11,019 W/m-K).

Direction Cell count

x 200

y 200

z 1

Table 2. Meshing details of the vapor core.

Figure 2. Illustration of the meshing of the vapor chamber.
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for a vapor core represented using anisotropic (Figure 4(a)) 
versus isotropic (Figure 4(b)) conduction blocks. It is observed 
that the evaporator surface temperature for the unphysical rep-
resentation as an isotropic vapor core is unrealistically uniform 
compared to the anisotropic vapor core. This demonstration 
highlights the importance of representing the vapor core with 
effective anisotropic thermal properties to correctly simulate 
the physics of vapor chamber transport and predict tempera-
ture distributions.

Conclusions

This article provides easy-to-calculate effective properties that al-
low for prediction of the thermal response of a vapor chamber by 
representing the vapor core as an anisotropic conduction block. 
Thermal system designers can thereby simulate vapor chambers, 
either as standalone devices or within a system, without resorting 
to complex and computationally expensive direct simulation of 
the vapor transport. A guide to implementation of these effective 
properties into numerical conduction solvers is provided, and us-

ers of the technique should pay special attention to the following:
 
• The effective anisotropic properties presented here are de-

rived from an analogy between a simplified physical vapor 
chamber transport model and the transient heat diffusion 
equation. Their accuracy is subject to the same assumptions 
made in the original vapor chamber transport modeling, with 
further discussion and error bounds provided in Ref. [5]. 

• The single-cell-thick meshing guidelines for the vapor core 
should be strictly followed so that values calculated from 
the expression for kz in Equation (2) can be substituted as a 
cross-plane thermal conductivity in a numerical conduction 
solver. 

• The intrinsic effective properties derived depend only on the 
working fluid properties and vapor core thickness, and are 
independent of the boundary condition. However, they are 
highly sensitive to the vapor core temperature and geometry 
of the vapor chamber and therefore must be recomputed for 
new cases and operating conditions.
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Figure 4. Spatial temperature profile for evaporator (Surface B in Figure 1(b)) of the vapor chamber. Two cases are shown here, with the vapor core considered (a) anisotropic, 
and (b) isotropic. Modeling the vapor core as isotropic leads to an almost uniform temperature prediction over the evaporator (Surface B), which is clearly incorrect.
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Introduction

M
any programs geared toward the design of auton-
omous vehicles have been initiated in recent years. 
Waymo, Cruise, Baidu, Argo AI, Uber, Lyft, and 
Tesla are among the innovative self-driving car 

companies. Advances in autonomous technologies will require 
enhanced thermal protection of critical electronics to ensure op-
timized performance, health, and lifetime.

Emerging intelligent autonomous systems are increasingly com-
plex while also required to have smaller size and weight. Packing 
more functionality into smaller footprints increases the heat den-

sity and thermal challenges. As shown in Figure 1, liquid cooling 
has been effectively leveraged to meet Artificial Intelligence (AI) 
digital electronics requirements in Tesla vehicles.

In this study, the hydraulic and thermal characteristics of the 
Tesla Autopilot HH2.5 Model 3Y module were investigated in 
detail. Two units were used in the study. The unit housing and 
the attached boards were removed to access the cold plates. One 
of the two cold plates was cut in half so that detailed internal 
dimensions, locations of the fins, inlet/exhaust ports, pedestals, 
and cold-plate channels could be measured. The information 
was used to generate a reliable CAD representation of the cold 
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plate. A test vehicle was constructed using the second cold plate 
so that hydraulic pressure drops and thermal performance could 
be measured. 

A computational fluid dynamics (CFD) model was constructed 
using commercial software [1] to evaluate the cold plate used in 
the test module. The CFD model was run with equivalent heat 
loads placed at the same locations as in the test vehicle and with 
fluid flowing at the same rate as in the experimental setup unit. 
The CFD results were then compared to the test data. A good 
correlation between the test data and the simulation results was 
found. 

Part 1 of this set of articles describes the construction of the CFD 
model and the simulation results that examined the hydraulic and 
thermal performance of the cold plate across a range of operating 
conditions. Part 2 will include the step-by-step tear-down pro-
cess of the unit, the experimental set-up, validation of the CFD 
model, and a description of the development and use of thean 

Artificial Neural Network of the cold plate assembly to study the 
performance of the system at a wide range and combinations of 
the operating parameters. 

Numerical Simulations

CFD simulations were carried out using the commercial code and 
assuming that the flow and temperature fields were steady state. 
The continuity and momentum equations along with the energy 
equation were solved numerically for the pressure, velocity, and 
temperature fields using the finite volume method. To divide the 
computational domain into discrete control volumes, more than 1.5 
million non-uniform 3D tetrahedral computational cells were used. 

As shown in Figure 2, four 25.4 x 25.4 mm die were mounted to 
the cold plate. These die locations are labeled to provide reference 
points for the discussion in this article.

To study the thermal performance of the cold-plate, a constant 
heat load of 125.5 W was applied to each of the 25.4 mm x 25.4 

Figure 1. The evolution of the thermal solution of the AI digital electronics in Tesla vehicles

Figure 2. The illustration of the computational domain
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mm x 2 mm rectangular prisms representing the chips located on 
the cold plate pedestal. A Network Resistance model was assigned 
to each heater representing the chips. The junction-to-case and 
the junction-to-board resistances were set at 0.1 and 1,000 ºC/W, 
respectively to ensure that the heat dissipated by each chip was 
rejected to the cold plate. A thermal interface material with a 
thickness of 0.25 mm and a thermal conductivity of 10 W/m-K 
was placed between the cold plate and the heaters. The liquid was 
assumed to be 50/50 Glycol/water with constant heat capacity, 
density, thermal conductivity, and viscosity of 3,800 J/kg-K, 1040 
kg/m3, 0.36 W/m-K, and 0.006 N-s/m2, respectively.

Results and Discussion

Contour plots of the temperature and velocity fields are illustrat-
ed in Figures 3 and 4 to provide insight into the performance of 
the cold plate and to identify opportunities for design improve-
ments. Coolant inflow temperature and the flow rate were set to 
30ºC and 5.2 liters per minute (LPM), respectively. The cold plate 
thermal conductivity was 113 W/m-K and the thermal load per 
chip was set to 125.5 W. The region with no fins had the low-
est hydraulic impedance. Therefore, as shown in Figure 3, a large 
percentage of the coolant bypassed the chips and exited the cold 
plate without making a significant contribution to the heat re-
moval. The flow through the bypass increased with length, in-
dicating that the flow was leaking from the fin stack along the 
length to the bypass region. The average velocities in the vicinity 
of Chips B (0.4m/sec) and D (0.3m/sec) were higher than in the 
vicinity of Chips A (0.2 m/sec) and C (0.2m/sec).

The average bulk temperature of the coolant at the exhaust side of 
the cold plate was 31.4ºC. The average temperature of the coolant 
beneath Chips B and D was higher than the average liquid bulk 
temperature. This is illustrated by the fluid particle trajectories 
shown in Figure 5.

Cold fluid by-passed Chip A and approached Chip C. Therefore, 
the average temperature of the fluid as it approached Chip C was 
independent of the power dissipation of Chip A and could be ap-
proximated by the coolant inlet temperature. Chips B and D are 
located downstream of fluid that passed beneath Chips A and C. 
The heat dissipated by Chips A and C was exhausted from the 
cold plate into the fluid before the fluid approached the region in 
the cold plate below Chips B and D. High power dissipation by 
Chips A and C and/or a lower fluid flow rate results in a higher 
fluid temperature as the fluid approaches Chips B and D. This 
in turn results in higher temperature for Chips B and D as com-
pared with the temperature of Chips A and C.

Some of the liquid trajectories beneath Chips B and D take a 
V-shape path as they pass through the cold plate. The result is a 
longer contact time with the die and therefore a higher tempera-
ture for those particle trajectories. 

The temperature contour plots of the chips and the cold plate 
are shown in Figure 6. The maximum temperature difference be-

Figure 3. Velocity Contour Plot at the Midplane of the Cold Plate; Over 1.1 LPM out of 5.2 
LPM of coolant by-passes the electronics and exits the cold plate without contributing to 
the cooling

Figure 5. Velocity Vector Colored by Magnitude of Coolant Temperature

Figure 4. Temperature Contour Plot at the Midplane of the Cold Plate
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tween the four chips was 4°C. The cold plate can remove 4 x 125.5 
W = 502 W from these chips while maintaining chip junction 
temperatures well below the temperature limit of 90°C.

For a given flow rate, assuming identical power load, dimensions, 
and TIM for all four chips, the temperatures of the chips depend 
on four interrelated factors: the thickness and surface area of the 
pedestal, cold plate flow distribution, and fluid temperature in 
the vicinity of the chip. The effect of the pedestal presumably is a 
combination of thickness and area since it acts as both a vertical 
conductor and horizontal spreader. Theoretically it is expected 
that the temperature of the chip increases with an increase in the 
thickness of the pedestal or the coolant temperature beneath the 
chip. Furthermore, the temperature of the chip is expected to in-
crease with a decrease in the surface area of the pedestal or the 
velocity of the coolant beneath the chip. Table 1 summarizes the 
impact of the four interrelated factors on the chip temperatures.

From conservation of energy, the greater the coolant flow rate, 
the smaller the gradient of the coolant temperature across the 
cold plate. The temperature increase of the coolant across the cold 
plate as a function of the coolant flow rate is shown in Figure 7.

As shown in Figure 8, chip temperatures increase with a decrease 
in the coolant flow rate. The study shows that chip temperatures 
were dependent on the flow rate. Chip temperatures began to in-
crease dramatically once the flow rate went below 4 LPM. The 
temperature variations between the chips also increased as the 
coolant flow rate decreased. The difference in chip temperature 
was 4°C and 12°C at 10 LPM and 1 LPM, respectively. Chips from 
the lowest to the highest temperatures were A, D, B, and C, for 
flow rates above 4 LPM.

Figure 6. Temperature Profile of the Chips (a) front-side and (b) back-side views

Pedestal surface 

Area (mm2)

Pedestal 

thickness, (mm)

Average velocity 

beneath the chip, 

(m/s)

Average fluid 

temperature beneath 

the chip (ºC)

Die junction 

temperature (ºC)

Chip A 1681 2.3 0.2 30 64.1

Chip B 1219 3.9 0.4 32.2 67.6

Chip C 1219 3.9 0.2 30 68.1

Chip D 924 1.6 0.3 31 66.6

Table 1.

Figure 7. The temperature increase of the coolant across the cold plate
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Conclusion and Summary
In this study, the hydraulic and thermal characteristics of an au-
topilot module were investigated in detail. The unit includes a 
double-sided cold plate with circuit boards attached to each side 
of a cold plate. One unit was torn down to measure the detailed 
internal dimensions, locations of the fins, inlet/exhaust ports, 
pedestals, and cold-plate channels. That information was used to 
generate a 3-D numerical model of the module using commercial 
CFD software. Results from simulations that examined the hy-
draulic and thermal performance of the cold plate are presented 
in this article. The follow-on article, Part 2, will include a step-by-
step description of the tear-down process of the unit and the ex-
periments that measured the hydraulic head loss through the cold 
plate and evaluated the thermal performance at several coolant 
flow rates and power loads. The test results were used to validate 

the CFD model. It will be shown that the model results for the 
hydraulic pressure loss and temperature profiles were consistent 
with the experimental data. An Artificial Neural Network (ANN) 
of the cold plate assembly was then developed using the CFD re-
sults presented in this paper. The ANN model was used to study 
the performance of the system at a wide range and combinations 
of the operating parameters. In Part 2, it will be demonstrated 
that the developed ANN model could be used to determine the 
performance limit of the cold plate. 

Figure 8. (a) Temperature of the chips at different flow rate (b) maximum temperature difference between the chips as a function of coolant flow rate
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T
he previous column in this series described methods for 
assessing whether a set of data was normally distributed 
[1]. In the event that data is shown to not have a normal 
distribution, one might ask how to conduct a statistical 

analysis on it given that many statistical tests are developed on 
the assumption that the data are normal. For example, how can 
two non-normal data sets be analyzed to determine whether one 
is statistically better than the other?

Nonparametric statistics is used to analyze data that are not well 
described by discrete parameters, such as the mean and standard 
deviation used to describe a normal distribution. One useful meth-
od in nonparametric statistics is the Wilcoxon Rank Sum (WRS) 
Test1, which is also known as the Mann-Whitney-Wilcoxon test. 
The WRS test analyzes the ranks of an ordered data set rather than 
the direct values of actual values. This is analogous to how the me-
dian may provide a more representative assessment of a population 
than the mean, if the data set includes a few extreme values (such 
as in determining the typical net worth of a small group of people 
that happens to include a billionaire). 

Rank Sum Test Procedure

The WRS test procedure begins by combining two data sets and 
sorting them in order of lowest to highest values (sorting from 
highest to lowest also works). The ranks of each value in the sorted 
values for each data set are then added together. In the event that 
two or more values have the same rank, then they are all assigned 
the same average rank. 

Consider the two data sets (A and B) shown in Table 1, which in-
cludes a total of ten measurements (4 in Data Set A and 6 in Data 
Set B). The largest term in the combined list of data is the value 
of 5.1 in Data Set B, so it has a rank of 1 (as shown in the column 
on the right edge of the figure). Data Set A includes the smallest 
measurement of 3.2, which corresponds to the 10th rank in the 
combined data set. Data Set B includes two values of 4.1, which 
ranks 3rd in the combined list. Since these two would occupy ranks 
3 and 4 in the list, they are each assigned the average rank of 3.5.

Once the rank for each data value has been assigned, the ranks 
are added together. For example, the ranks for Data Set A are 
7.5+5+10+9=31.5 and the rank sum for Data Set B is 23.5. The rank 
sum value for the data set with the smallest number of terms is then 
compared to the WRS critical values for a given probability value.

Table 2 shows a set of WRS critical values for a 5% one-sided 
distribution (and 10% two-sided distribution for values of m and 
n, where m is the number of values in the data set with the fewest 
terms and n is the number of terms in the other data set.

Rank Sum Tests

Ross Wilcoxon
Associate Technical Editor for Electronics Cooling

Collins Aerospace

1 The individual who first developed the WRS test [2] was not related to the author

Table 1. Example Data Set

Table 2. Wilcoxon Rank Sum Critical Values for probability of 5% (one sided), from [3]
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For the case corresponding to the data in Table 1, the critical values 
for m=4 and n=m+2=6 are found in Table 2 to be 14 and 30. The 
rank sum for Data Set A was calculated as 31.5, which is outside the 
range of 14-30. Therefore, one can conclude to a 90% confidence 
level that Data Set A is different from Data Set B, i.e., that the higher 
values of Data Set B relative to Data Set A is statistically significant. 

Note that if the data were analyzed using a conventional t-test, the 
same conclusion with a similar confidence level would be found. 
However, if the maximum value of 5.1 in Data Set B were replaced 
with a much larger value of, for example, 10, the t-test would con-
clude that the two data sets were not statistically different due to 
the substantially larger variance in Set B. Because the impact of a 
single value in a data set is lessened in larger data sets, differences 
in the results for a t-test and a WRS test are generally insignificant 
when sample sizes for a single data set are larger than 15-20.

How WRS Critical Values are Found

Since nonparametric tests like the WRS test are not dependent on 
assumptions regarding the distribution and are less influenced by 
individual outlier data points, one might ask why the WRS test is 
not always used instead of a test such as the t-test. One likely reason 
is that there is no simple method for determining the WRS test 
critical values. Typically, those values are found from a table such 
as that shown in Table 2 or more extensive tables such as Refer-
ence [4]. Readers who are content with simply using terms listed 
in a critical value table, may choose to skip the rest of this section. 
Those readers who, like this author, are bothered by ‘magically 
appearing’ terms and want to better understand how the critical 
values are generated, may choose to read on.

The WRS critical values are generated by determining the rank 
sums that could result from every combination of a data set with a 
given size. For example, consider two data sets for A and B where 
each set only includes 2 values. The number of possible combina-
tions of ranks that could be generated is found with the ‘n choose 
k’ formula that determines how many combinations of k terms 
can be generated with n variables. With this equation, the number 
of possible combinations of ranks is (n+m)!/(n!*m!), so for the 
case of n=m=2, the number of combinations is (1*2*3*4)/(1*2)/
(1*2) = 6. These six possible combinations are shown in Table 3; 
for Combination 1, for example, the two highest largest terms are 
from set A and the smallest two terms are from set B. This table also 
shows the rank sums for each combination for the two data sets.

Table 4 shows the probability and cumulative distributions of each 
rank sum, which are the number of occurrences equal to and less 
than or equal to that rank sum, respectively, divided by the number 
of combinations.

Figure 1 plots the values shown in the last column on Table 4 for 
m=n=2 (with symbols and a line) as well as lines that show the 

Table 3. Combinations for n=m=2

Table 4. Probability and Cumulative Distributions for m=n=2 Combinations

Figure 1. Distributions for m=n= 2 and 3

2 The table shows values at a 5% confidence level for a single-sided distribution, so the overall confidence level is reduced because the 
distribution is two-sided.
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cumulative distributions for m=n=3, 4, 5, 6, and 7. The figure also 
includes horizontal lines for cumulative probabilities of 5% and 
95%. The intersections of these horizontal lines with the cumulative 
distributions correspond to the WRS critical values. For example, 
the m=n=7 distribution intercepts the 5% and 95% lines at Rank 
Sum values of approximately 40 and 65, respectively. Those values 
agree well with the terms shown in Table 2 of 39 and 66 (in the 
upper right-hand cell of the table).

While the process of calculating the WRS critical values is straight-
forward, it can be computationally intensive. To calculate the 
critical values for m=n=7, for example, includes accounting for 
14!/(7!*7!) = 3432 combinations. Doubling the number of terms 
to m=n=14 increases the number of combinations to evaluate to 
more than 40 million.

As the number of data points increase, the WRS distributions more 
closely approximate a normal distribution. The differences between 
the distributions become increasingly isolated to the extreme tails. 

Summary

Data may not always be easily characterized with a parametric 
distribution such as the normal distribution. In those cases, non-
parametric tests like the Wilcoxon Rank Sum test may be used. 
This test can serve a similar role as the t-test, but uses the ranks of 
terms in the combined data set, similar to a median value, rather 
than average and standard deviations of data sets.

Because the method for calculating the WRS critical values can 
require substantial computational power, it is typical that these 
values are found in a table. As the size of the samples increases, 
the WRS distributions used to calculate the critical values more 
closely approximate a normal distribution. Therefore, when the 
total number of samples gets larger than ~20-30, the impact of 
using the WRS test or assuming a normal distribution will likely 
become negligible. In those cases, it may become important to 
identify outliers that have an excessive influence the results. This 
is the topic of the next article in this series.
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